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(=¢:Reg—C : ¢(ab) = ¢ (ba) Va,be Rg).
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(= Bv,we R with 1 = viv = w*w > w* + ww*).
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Definition (Day - 1957)
S is amenable if there is a probability measure p: P (S) — [0, 1]
such that for every s€ Sand AC S

p(sHA) = n(A),
where sT'A = {t € S | st € A}.

Examples:

1. All amenable groups.
2.0 S~ pu({0})=1.
3. S:=TF, U {1} is not amenable.

Questions: Regular representation? Paradoxical decomposition?
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Left regular representation: consider B (¢ (S)) 2 Vi:

Vid, = Ost if | s*st =1t
0 otherwise

Thus V ~ partial traslation: £? (s*sS) + (2 (ss*S).

Definition

The Roe algebra:

Rs:=C"({Vs : s€SULX(S)) C B(FZ(S)).

Questions:

1. When does R have a trace?
2. When is Rs properly infinite?
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Consider: 7 :=(a,a* | a*a=1) = {ai(a*)j | i,j € N}.
e Projections:
E(T) = {ai(a*)' | i€ N} = {1,33*,32 (a*)?,... }
e Left regular representation:
Vabi(ary = { Sy I (Fa)a (@Y =d () _

i . - i+1(a%)
a 0 otherwise 2E)

12

N.

V/, is the unilateral shift.
Therefore: R = C* ({ Shift } U ¢>° (N)).
— Tracial: ¢ (V,) =0 (~ diagonal = 0),

|Am{a"(af)f|id‘§n}|
[{a'(a*Ylij<n}|

¢ (Pa) = lim,,

— Not properly infinite.
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Conjecture

S countable discrete inverse semigroup. TFAE:

1. S is amenable.

2. S is not paradoxical.
3. Rs has a trace.
4

. Rs is not properly infinite.

Sketch:
o type sem.
Non-paradoxical P, amenable
cond.exp. .
Py Rs tracial
1#2 o
—== Rs non-properly infinite
not<=not 0
———— S non-paradoxical.

Conjecture false... But almost true. 8
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A problem

Goal: paradox. dec. ~~ properly infinite behaviour in Vs € Rs.

In groups: A} P, ;: aiA; — A; and these induce proper inf.

Consider: S =a;'A;U---Uay*A, = b B U-- U b, By
=AU---UAUB U---UBp. (%)

Pick |S] = 0o and 0 € S and p invariant (p (s71A) = p(A)):
S=0"1{0} while 0 =071(S\{0}).

A problem
(%) does not induce properly infinite behaviour in V5 € Rs...

does not even induce maps A; — aflA,-...

Conclussion: need a version of amenbility forwards...
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Remark:
Pick S and y invariant measure (1 (A) = p(s7*A)). Then:
(i) n(A) =pu(ANss*S)+ p(sH(A\ ss*S)) = p(ANss*S).
(i) p(ss*A) = p (s tss*A)
= (s*A) +u ((s*)_1 (s7lss* A\ s*A)) = 1 (s*A).
Proposition (Ara, Lled6, M. - 2018)
p is invariant < 1 (s*sA) = p(sA) and p (AN s*sS) = p(A).

domain-measure and localization.
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Domain-measurable semigroups

Examples of domain-measurable semigroups:

1. All amenable semigroups.
2. Non-invariant and domain-measure:

S=({0,1},) and p({1}) = 1.

3. Non-amenable and domain-measurable semigroup:
S=F,u{1l} and p({1})=1.
Definition
S is domain-paradoxical if there are a; € S, A; C S with
S=aAAU---UaAy=b0BiU---UbyuBn
DajaAr U - UanapnAn U bibi By U -+ U by by B

11
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Theorem (Ara, Lledé, M. - 2018)
S countable, discrete inverse semigroup and 1 € S. TFAE:

. S is domain-measurable.

1

2. S is not domain-paradoxical.
3. Rs is has a trace.
4

. Rs is not properly infinite.

Key ideas of the proof:

(1) Cond. exp. E: B (£*(S)) — ¢ (S) and ¢ = o E.

(2) Domain-equidecomposability: for A,B C S
B { A= aaAU--Uata,An,

B = atAi U UasAp.
12
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Traces and amenability

The latter argument actually gives:

{Traces on Rs} <> {Measures on S | pu(s*sA) = p(sA)}.

Furthermore, should one add localization to the Theorem...

Theorem (Ara, Lled6, M. - 2018)
S is amenable
< Rs has a trace such that ¢ (Vi) =1
< no projection Vs+s € R is properly infinite.

13
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Open problems

Inverse semigroups:

1. Amenable = Fglner = Domain measurable... domain-Fglner?
2. {Traces in C; (S)} = {Traces inRs}?
3. Roe algebra?
Rs=0*(S)x,S
=C" ({T:£2(S) — £*(S) bounded prop.}) .
donluyi= f LI o

4. Theorem based on E: Rs — £°°(S) and traces factor via E...
Other C*-algebras whose trace space behave like this?
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Open problems

Inverse semigroups:

1. Amenable = Fglner = Domain measurable... domain-Fglner?
2. {Traces in C; (S)} = {Traces inRs}?
3. Roe algebra?
Rs=0*(S)x,S
=C" ({T:£2(S) — £*(S) bounded prop.}) .

ds k (u,v) == { ]l i wtu = vty

o0 otherwise

4. Theorem based on E: Rs — £°°(S) and traces factor via E...
Other C*-algebras whose trace space behave like this?

Question: Results ~~ ... grouopid context?
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Thank you for your attention! Questions?
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